The following two corollaries are sample applications of this result. They control convergence of hyperbolic alternating link complements in the geometric topology. We will show that the only limit points are the 'obvious' ones, namely augmented alternating link complements, as defined by Adams in [2] . The upper bound on volume is proved by using techniques related to the Gromov norm [4] . We will show that the volume of S 3 − K is at most the volume of a link complement with a diagram having 4t(D) crossings. By constructing an explicit ideal triangulation for this link complement, we find an upper bound for its volume.
The lower bound is established by using a theorem of Agol [3] . When a finite volume hyperbolic 3-manifold M contains a properly embedded 2-sided incompressible boundary-incompressible surface S, Agol established a lower bound on the volume of M in terms of the 'guts' of M − int(N (S)). In our case, M is the complement of K, and S is the orientable double cover of one of the two 'checkerboard' surfaces arising from an alternating diagram.
The upper bound on volume
We will use the fact [6] that if a compact orientable hyperbolic 3-manifold M is obtained by Dehn filling another hyperbolic 3-manifold N , then the volume of M is less than the volume of N . The 3-manifold N we will use is the exterior of the link J that is obtained by replacing each twist of the diagram D with a tangle containing at most six crossings. This tangle is composed of the two original strings of the twist, but with all but two (respectively, all but one) of its crossings removed, depending on whether the twist contained an even (respectively, odd) number of crossings. Those two strings are then encircled with a simple closed curve, as in Figure 2 , known as a crossing circle. (There is one exception to this: if two of these crossing circles cobound an annulus in the complement of the remaining link components, then only one of these should be used.) The resulting link J is an augmented alternating link, and hence is hyperbolic [2] . The link K is obtained from J by performing 1/q surgeries, for certain integer values of q, on the crossing circles. Hence, Volume(S 3 − K) < Volume(S 3 − J ). If we alter the diagram of J near each crossing circle by removing the residual crossing(s) of the twist, the result is a new link L. By [1] , Volume(S
Note the diagram D L of L is prime and connected, since D is prime, connected and not the standard diagram of the (2, n)-torus link. Hence, it determines a decomposition of S 3 − L into two ideal polyhedra with their faces identified in pairs [4] . Here, we are using the term polyhedron in quite a general sense: a 3-ball with a connected graph in its boundary that contains no loops and no valence one vertices. An ideal polyhedron is a polyhedron with its vertices removed. The edges of this ideal polyhedral decomposition of S 3 − L are vertical arcs, one at each crossing. The faces are the regions of the diagram, twisted a little near the crossings so that their boundaries run along the link and the edges, and so that the interiors of the faces are disjoint. The remainder of S 3 is two open 3-balls, which we take to be the interiors of the two ideal polyhedra P 1 and P 2 .
Note that the intersection of the 2-skeleton with the boundary tori of the link exterior is a 4-valent graph. Using Euler characteristic, the number of complimen- We now subdivide the faces of the polyhedra with more than three boundary edges into triangles by coning from an ideal vertex. We wish to calculate the resulting number of triangles. Let V , E and F be the total number of ideal vertices, edges and faces in the boundary of the two ideal polyhedra. So,
The number of triangles is the sum, over all faces of the polyhedra, of the number of sides of the face minus two. This is 2E
Now collapse each bigon face of the polyhedra to a single edge. Some care is required here, since it is a priori possible that there is a cycle of bigons, glued together along their edges. However, an examination of the diagram D L gives that the bigons are in fact disjoint.
In each polyhedron, there is a vertex with valence at least four. Otherwise, the boundary graph is a single triangle or the tetrahedral graph, and it is straightforward to check that these graphs do not arise. For example, observe that each region of D L has an even number of sides and there must be more than two nonbigon regions. So each polyhedron ends up with more than four triangular faces.
Triangulate each polyhedron by coning from this vertex. The result is an ideal triangulation of the complement of L with at most 4c(D L ) − 16 tetrahedra.
This allows us to bound the volume of the complement of L. We homotope each ideal tetrahedron so that it lifts to a straight simplex in the universal cover
First homotope each edge, preserving its ends, so that it is either a geodesic or has been entirely homotoped into a cusp. Then homotope each ideal 2-simplex so that it is straight, but possibly degenerate. Then do the same for the 3-simplices. The volume of each resulting ideal 3-simplex is at most v 3 . Hence,
). This proves the righthand inequality of the main theorem. Note again that we did not use that D is alternating.
The lower bound on volume
The lower bound on the volume of a hyperbolic alternating link is proved using the following theorem of Agol [3] . It deals with a finite volume hyperbolic 3-manifold M containing a properly embedded incompressible boundary-
Theorem. (Agol [3] ) Let M be an orientable hyperbolic 3-manifold containing a properly embedded orientable boundary-incompressible incompressible surface S.
We refer the reader to [3] for a full description of the 'guts' terminology. Essentially, the pair (M S , ∂N (S)∩∂M S ) has an associated characteristic submanifold Σ, which is a canonical collection of I-bundles and Seifert fibred spaces embedded in M S , and the guts of M S is the closure of the complement of Σ. We refer to P = ∂M ∩ ∂M S as the parabolic locus. It is a collection of annuli and tori.
Note that the assumption that S is orientable can be dropped, providing the Any prime alternating link has a twist-reduced prime alternating diagram, since if a diagram is not twist-reduced, there is a sequence of flypes that reduces its twist number. However, we need to know more than this. We will prove the following in §4.
Lemma 4. Let K be a link with a connected prime alternating diagram D.
Then K has a connected prime alternating twist-reduced diagram D ′ with at least (t(D)/2 + 1) twists.
We let B and W be the black and white checkerboard surfaces for the twist-
be the number of black and white non-bigon regions of D ′ . We will prove the following theorem in §5.
be the exterior of K, and let B and W be the checkerboard surfaces for D ′ . Then
Note that the diagram D ′ induces a planar graph, with a vertex at each twist and an edge for each edge of D ′ that is not adjacent to a bigon region. Denote the number of its vertices, edges and faces by V , E and F . Then 2E = 4V , since it is 4-valent. Hence,
The lower bound on volume follows rapidly from these results. Adding the inequalities in Agol's theorem applied to B and W , we obtain
The proof of Theorem 5 relies heavily on the ideal polyhedral decomposition of a link complement arising from a connected prime diagram, as described in §2.
Its 2-skeleton is the union of the two checkerboard surfaces. When the diagram is alternating, the boundary graphs of the two polyhedra P 1 and P 2 are particularly simple. They are just copies of the underlying 4-valent graph of the link projection [4] . Each region of one polyhedron is glued to the corresponding region of the other, with a rotation that notches the face around one slot in either a clockwise or anti-clockwise direction, depending on whether the region is coloured white or black. Thurston compared this gluing procedure to the gears of a machine [6] . Throughout much of this paper we will consider a surface S properly embedded in M B (or M W ). It will intersect the parabolic locus P = ∂M ∩ ∂M B in a (possibly empty) collection of transverse arcs. It will be incompressible and also parabolically incompressible which means that there is no embedded disc E in
• the remainder of ∂E is an arc in ∂M B which has endpoints disjoint from P and which intersects P in at most one transverse arc;
• E ∩S is not parallel in S to an arc in ∂S that contains at most one component
Also S will have no boundary-parallel disc components or any 2-sphere components.
We will check below that ∂N (B) ∩ M B is incompressible in M . Hence, a fairly standard argument gives that such a surface S can be ambient isotoped into normal form, which means it satisfies the following conditions:
• the intersection of S with each of the ideal polyhedra P i is a collection of properly embedded discs;
• each such disc intersects any boundary edge of P i at most once;
• the boundary of each such disc cannot enter and leave an ideal vertex through the same face of P i ;
• S intersects any face of P i in a collection of arcs, rather than simple closed curves;
• no such arc can have endpoints in the same ideal vertex of P i , or in a vertex and an edge that are adjacent;
• no component of intersection between S and ∂P i forms the boundary of a regular neighbourhood of an edge.
The last of the above conditions is non-standard. It can be guaranteed since S is properly embedded in M B rather than M . Using normal surfaces, we can prove the following lemma, which we need in order to apply Agol's theorem. Proof. If there is a compression disc for ∂N (B) ∩ M B , say, then there is one S in normal form. The intersection of S with W can contain no simple closed curves, since such a curve would lie in a face of the polyhedral decomposition. So it is a collection of arcs. Suppose initially that there is at at least one such arc. An extrememost one separates off a disc S ′ in S that lies in some P i . Its boundary intersects the edges of P i twice and misses the vertices. The boundary graph of P i is a copy of the link diagram. Since the diagram is prime, we deduce that ∂S ′ intersects the same edge of P i twice. This contradicts the definition of normality.
Therefore, S ∩ W is empty. But, then S lies entirely in one P i , with its boundary in a black face. It is therefore not a compression disc.
If there is a boundary-compression disc for ∂N (B) ∩ M B , then there is one in normal form. As above, we may assume that S ∩ W is empty. But S then lies in one P i , with ∂S running over a single ideal vertex and avoiding all edges of P i .
This contradicts the fact that the diagram is prime.
The characteristic decomposition of a link diagram
Analogous to the characteristic submanifold of a 3-manifold, in this section we define the characteristic decomposition of a connected prime link diagram D. We will consider simple closed curves in the diagram. Always these will be disjoint from the crossings and will intersect the link projection transversely. A square is a simple closed curve that intersects the link projection four times. The link projection divides it into four arcs, which we call its sides. A square is essential if it is not homotopically trivial in the complement of the crossings, or, equivalently, it intersects four distinct edges of the link projection.
Consider a collection C of disjoint essential squares. Define a complimentary region R of C to be a product region if it is as shown in Figure Lemma 9. Let C be a characteristic collection of squares. Then, any collection C ′ of disjoint essential squares can be ambient isotoped in the complement of the crossings so that each either lies in a product region of C or is parallel to a square of C.
Proof. We ambient isotope C ′ so that |C ∩ C ′ | is minimised. Suppose that a square S ′ of C ′ has non-empty intersection with some product complimentary region R of C but does not lie wholly in R. Then it intersects a square S of ∂R. Let α be the arc(s) of S ′ − C incident to S, not lying in R. Let C ′′ be those squares of C incident to α (one of which is S). Then N (C ′′ ∪ α) is a product region and its product structure is compatible with that of R. By Lemma 7, its boundary squares must be parallel to squares of C, or lie in a product complimentary region of C. In both cases, we deduce that S has product regions either side of it and that their union is again a product region, which contradicts the construction of C. So, all squares of C ′ that have non-empty intersection with a product region of C lie entirely in that product region.
Suppose now that a square S ′ of C ′ does not intersect any product complimentary region of C. Consider an arc α of S ′ − C containing two points of intersection with the link projection. Let S be the square of C at its endpoints.
Then N (S ∪ α) is a product region adjacent to S. This product region must be a subset of a product complimentary region of C. But S runs through this region, which is a contradiction. Hence, S ′ is disjoint from C. By Lemma 7, it must be parallel to a square of C.
Theorem 10. The characteristic collection C is unique up to ambient isotopy.
Proof. Consider another characteristic collection C ′ . By Lemma 9, we may ambient isotope these squares so that each lies in a product region of C or is parallel to a square of C. Since C ′ is characteristic, each square lying in a product region must be parallel to one of its bounding squares. Hence, every square of C ′ can be ambient isotoped onto a square of C. As C ′ is characteristic, no two squares of C ′ are parallel, and C cannot strictly contain C ′ . Hence, C ′ is ambient isotopic to C.
So, we may define a single square to be characteristic if it is part of this unique characteristic collection. We are now in a position to prove Lemma 5. 
Therefore,
So,
Rearranging this gives that t(D ′ ) ≥ t(D)/2 + 1.
The guts of the checkerboard surfaces' exteriors
Let D ′ be a twist-reduced prime alternating diagram. Let B be its black checkerboard surface and let R be its white bigon regions. Then we may view R We now embark on the proof of Theorem 11. So, suppose that D is a blacktwist-reduced prime alternating diagram with no white bigon regions. Let A be a characteristic annulus for the characteristic submanifold of M B . It is incompressible, and disjoint from the parabolic locus. It may be parabolically compressible, in which case it parabolically compresses to a product disc, which is a disc properly embedded in M B intersecting the parabolic locus in two transverse arcs. This product disc is essential in the sense that it is not boundary-parallel, providing A
is not boundary-parallel. We will prove the following result.
Theorem 12. Let D be a black-twist-reduced prime alternating diagram with no white bigon regions. Let B be its black checkerboard surface. Then Proof. Suppose first that there is an essential product disc S. It is incompressible and parabolically incompressible, and so can be ambient isotoped into normal form. The intersection of S with W is a collection of arcs. Each of these arcs must run between distinct components of S ∩ ∂N (B), for otherwise an extrememost arc not of this form would separate off a non-normal disc in S. Suppose now that S ∩ W is non-empty. An extrememost such arc in S sep-arates off a disc S 1 with boundary as shown in Figure 6 . Let N be the region of the diagram containing S 1 ∩ W . Note that S 1 ∩ N cannot separate off a single crossing in ∂N . For D would then decompose as in Figure 3 . However, the fact that D is black-twist-reduced would imply that one of U or V in Figure 3 would contain a row of white bigons, whereas D contains no white bigons.
The arc S 1 ∩W is again part of a normal disc S 2 in the other ideal polyhedron.
Both ideal polyhedra have the same boundary graph. So we may super-impose ∂S 1 and ∂S 2 . Perform a small ambient isotopy so that they miss the crossings, ensuring that the new white side of ∂S 1 is disjoint from ∂S 2 . The result is two essential squares. Perform a further isotopy in the complement of the crossings so that they have minimal intersection. Since We term a disc subset of the diagram a unit if its boundary is an essential square, and its intersection with some white region of the diagram contains a single crossing. Note that a unit is uniquely specified by its two black sides, since these sides extend uniquely to a square and a square cannot bound units on both sides in a black-twist-reduced diagram with no white bigons. Two units are fused if
• they are disjoint;
• two of their black sides are parallel;
• the white boundary sides that separate off a crossing are not adjacent.
Note that, if a unit is fused to some other unit, then either it contains a single crossing or its boundary is characteristic. For if it does not contain a single crossing, then its boundary has product regions with incompatible product structures on both sides.
unit unit fused edges of a unit, as do β 2 and β 3 , and that these units are fused. This argument may be applied to the two squares (S 2 and S 4 ) either side of S 3 . If β 4 is the arc of ∂A ∩ S 4 adjacent to β 3 , we deduce that β 3 and β 4 form opposite black edges of a unit, which is fused to the unit bounded by β 2 and β 3 . Continue in this way. The resulting units all have non-intersecting boundaries (up to isotopy) since they are characteristic. They cannot be non-trivially nested, since they are fused to other units. Hence, the only possibility is that the units start to repeat. That is, they are all fused in a circular fashion, as in Figure 10 .
We observe from Figure 8 that, for either of the polyhedra P i , each curve of A ∩ ∂P i encircles two units. These curves are all disjoint. Also, if two discs of A ∩ P i have a single disc between them (for example, S 1 and S 3 ), then two of their black edges are parallel. There is therefore a constant number (n, say) of copies of each curve. Thus, A is n parallel copies of a surface. Since A is connected, n = 1. Therefore, the intersection of A with the boundary of each ideal polyhedron is as shown in Figure 10. (There, the case |A ∩ W | = 6 is shown, but |A ∩ W | may be any even integer greater than three.) So, for each ideal polyhedron P i , one component of P i − A is a ball with boundary a product region disjoint from the ideal vertices. The intersection of the product region with W is two discs, one in the central region of Figure 10 , one in the outer region. These two balls, one in each ideal polyhedron, glue together to form the required Seifert fibred solid torus. Proof. Consider a convergent sequence of hyperbolic alternating and augmented alternating link complements. We wish to show that the limit hyperbolic manifold is an alternating or augmented alternating link complement. Arbitrarily close to each augmented alternating link in the geometric topology, there is an alternating link. Hence, we may assume that the sequence consists only of alternating links. If it has a constant subsequence, the limit is an alternating link complement. If it has no constant subsequence, the limit is an augmented alternating link complement, by Corollary 2.
